
PHYSICAL REVIEW E 67, 011303 ~2003!
Rolling motion of a bead in a rapid water stream
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This paper investigates the two-dimensional rolling motion of a single large particle in a shallow water
stream down a steep rough bed from both an experimental and a theoretical point of view. The experiment is
prototypal of sediment transport on sloping beds. Two theoretical models are presented. The first model uses
the mean kinetic energy balance to deduce the average particle velocity and the bounds of the flow-rate range
within which a rolling regime occurs. This range is found to be narrow, which means that the fully rolling
regime is a marginal mode of transport between repose and saltation. In the second model, the particle state
~resting, rolling, saltating! is considered as a random variable, whose evolution constitutes a jump Markov
chain. This makes it possible to deduce the mean particle velocity as a function of the flow conditions without
explicit mention of its state. The theoretical results are finally compared to the experimental data. The second
model provides correct estimates of the particle velocity and the probability of finding the particle in a given
state for various flow conditions~bead material, slope, and roughness!.

DOI: 10.1103/PhysRevE.67.011303 PACS number~s!: 45.50.2j, 47.85.2g, 92.10.Wa
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I. INTRODUCTION

The transport of solid particles in a rapid fluid stream
common in nature and in many industrial applications. Ty
cal examples include sediment transport in rivers and est
ies @1,2#, sand drift in the desert@3#, blowing snow, a chemi-
cal exchanger, etc. The particles are usually entrained fro
bed, made up of loose sediment, as a result of the fluid ac
and maintained in suspension or in saltation. Alternative
particles may be transported as a result of rolling and slid
along the bed, dragged by the fluid. This type of transp
has so far often been considered as marginal and, there
except for studies in air@4,5# or in a quiescent fluid@6#, there
have been very few attempts to describe and quantify par
transport in the rolling regime in a fluid phase. There a
though, a number of circumstances in which rolling m
play a considerable role: for instance, when the particles
too heavy for turbulence to maintain them in suspension
when they are subject to adhesive forces@7#, they roll and
slide along the underlying surface. The rolling regime
probably the key mechanism in the formation of pav
gravel-bed streams@8#.

The purpose of this study was to investigate the tw
dimensional rolling motion of a spherical particle along
rough inclined bottom in a rapid water stream. This pa
will begin by developing a simple model providing the me
particle velocity as a function of the mean fluid veloci
together with the bounds of the range of the fluid flow ra
for which a rolling regime occurs. We will demonstrate th
these bounds are close, so that the mere existence of the
1063-651X/2003/67~1!/011303~11!/$20.00 67 0113
-
r-

a
n
,
g
rt
re,

le
,

re
r

-

r

t
lly

rolling regime can be questioned. A more robust theory w
then be presented. The stateXt of the particle at a timet is
assumed to be a random variable with three possible val
resting, rolling, and saltating phases. Treating (Xt) as a Mar-
kov chain, the mean particle velocity and the probability
finding the particle in a rolling or saltating phase will b
deduced. The remainder of the paper will be devoted
comparing the experimental data and the theoretical res
After presenting the experimental facility and procedure
Sec. III, the two theoretical models will be applied to th
flow geometry used and the effect of varying the parame
~channel slope, roughness, bead material! on the experimen-
tal results will be examined to test the robustness of
models.

II. THEORETICAL ANALYSIS

We consider the two-dimensional motion of a spheri
particle of radiusa in motion on a bumpy line~see Fig. 1!.
The line consists of juxtaposed half cylinders of radiusr. It
can be inclined at an angleu to the horizontal. In the follow-
ing we use the ratio of radii,j5a/r . Here only bed rough-
ness sizes of the order of the mobile bead radius or lower
considered,j5O(1). Smooth beds (j@1) will not be ex-
amined.

Over the bumpy line, the water flow is assumed to
uniform and steady. The flow depth and discharge~per unit
width! are, respectively,h and q. The mean velocityūf is
computed asūf5q/h. Using an approximate turbulenc
model, the discharge equation can be expressed as foll
©2003 The American Physical Society03-1
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ūf5CAgh sinu, whereC5A8/f is the Che´zy coefficient,f is
the Darcy-Weisbach coefficient (f 50.223 Re20.25 if we take
the Blasius equation, where Re is the flow Reynolds nu
ber!.

A. Approximate model

The mobile bead is considered in a Lagrangian system
coordinates. The coordinates in the streamwise and no
directions are denoted byx andy, respectively. The trajectory
of the bead is assumed to be inscribed in a single pl
~two-dimensional motion!. The bead possesses three degr
of freedom. In the following,up5(up ,vp) denotes the in-
stantaneous velocity of the mass center; the spinning velo
will be discarded since we will focus on the mean features
the motion. On average, for steady flow conditions, the
ergy supplied by gravity and fluid drag force is entirely d
sipated by contact forces

m8g sinuūp1 P̄D5 P̄c , ~1!

where the mean particle velocity defined as the time aver
velocity has been introduced:ūp5 lim

t→`
*0

t up(t8)dt8/t, m8

5m24pr fa
3/3 is the buoyant mass,P̄D5t21* tFD•Fpdt8

is the power of drag forces supplied to the particle; the d
force is expressed asF̄D5CD(Rep)pa2r f uūp2ūsu(ūp

2ūs)/2, where ūs is the mean fluid velocity seen by th
particle and the drag coefficientCD has been expressed as
function of the particle Reynolds number Rep52auūp

2ūsu/n with n being the kinematic water viscosity. As a fir
approximation, we can consider that on average,ūs'ūf .
The energy lost in contacts can be determined using the
sults obtained for a single bead rolling on a bumpy line
surrounding air. In this case, Anceyet al. @5# have shown that
dissipation can be broken into frictional and collisional par

Pc5lm8gūpcosu1a
x

2r
mūp

3 , ~2!

where (2r )21xūp is the collision rate~if the bottom beads
are regularly and closely arranged, thenx51), a
50.063e4.96/(11j) reflects collisional dissipation andl

FIG. 1. Sketch of the physical system studied here.
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50.0025e7.46/(11j) is a bulk friction coefficient, weakly de-
pendent on the Coulombic friction coefficientlp . The re-
sulting equation of motion is a second-order polynomial
ūp ,

m8g sinu1«CDpa2r f~ ūp2ūf !
2/2

5lm8g cosu1axmūp
2/~2r !, ~3!

where«511 whenūp,ūf and«521 whenūp.ūf . The
single physical solution is

ūp5K~N* !ūf , ~4!

where the factorK(N* ) is given by

K~N* !5
12AD

124jaDrx/~3«CD!

in which we have introduced the density ratioDr5rp /r f
and the discriminant D54$4jxaDr cosu(tanu2l)
13«CD@aDrjxN* 2cosu(tanu2l)#%/(9N* CD

2 ). The pa-
rameterK(N* ) is expressed as a function of the dimensio
less numberN*

N* 5
ūf

2

2~Dr21!ag
. ~5!

A helpful approximation can be proposed: at sufficien
large N* values, the velocity tends to be independe
of the slope and linearly proportional to th
fluid velocity: ūp5K`ūf with K`5 lim

N
*

→`
K(N* )5@1

1A4jaDrx/(3CD)#21.
The ratioN* is very similar to theShields number NSh,

defined as the ratio of the bottom shear stresstb ~shear stress
exerted by the fluid at the channel base! to the equivalent in
stress of a buoyant weight of the immersed particle: we h
NSh5N* tb /(r f ū f

2)5 f N* /8. The Shields number is a di
mensionless number widely used in hydraulics to define
threshold of incipient motion@2,9#. The particle usually
moves at a velocity lower than the fluid speed. However,
certain cases, the inverse situation cannot be excluded
instance on steep slopes. According to Eq.~5!, the condition
ūp5ūf («50) yieldsN05cosu(tanu2l)/(ajxDr). When
N* ,N0, we haveūp,ūf while for N* .N0, we haveūp

.ūf ; in that case, only gravity supplies energy to the p
ticle while contact forces and water drag consume its ene
The latter condition holds only for slopes exceeding a criti
value:u.uc5arctanl.

From the previous analysis, it follows that three sub
gimes of motion can be considered in the rolling regime:

~1! For tanu,l, a solution is possible provided that th
dimensionless numberN* exceeds a critical value equal t
Nlow54 cosu(l2tanu)/(3CD); the value ofNlow can be
easily determined by equatingūp with zero in Eq.~3!. In this
subregime, motion mainly results from the water actio
3-2
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ROLLING MOTION OF A BEAD IN A RAPID WATER STREAM PHYSICAL REVIEW E67, 011303 ~2003!
~2! For tanu.l and N* ,N0, the single physical solu
tion is given by Eq.~4! with «521. Motion mainly results
from the action of gravity. It is worth noting, however, th
such a solution is usually unphysical, since the condit
N* ,N0 also impliesh,2a.

~3! For tanu.l andN* .N0 the single physical solution
is given by Eq.~4! with «511. Motion mainly results from
the combined action of water and gravity.

A more careful analysis shows that the bounds separa
the flow regimes described above must be corrected:

~1! The upper bound corresponds to the transition from
rolling to a saltating regime. WhenN* →`, the particle
reaches a large velocity and is more liable to liftoff from t
bumpy line and jump. Indeed, during the rolling phas
whenever the rolling particle passes from one bottom cy
der to another, it experiences a collisional force that tend
eject it from the bottom. Fluid drag and gravity oppose t
ejection and we can expect that, insofar as the particle ve
ity is low, this combined action is sufficient to dampen t
normal impulse given to the particle. Let us quantify th
dampening action by examining the resisting forces and
momentum exchange that occurs within a short time inte
dt. The typical scale of the time stepdt is the duration of an
elastic collision, that is,dt52.87A5 m2/a/E2/u0

3/5 @10#, where
E is the Young’s modulus of the bead andu0 denotes the
instantaneous precollisional velocity. The components of
precollisional particle velocity areu0(cos 2f,2sin 2f) in the
frame (et ,en), wheref5arcsin@1/(11j)# is the angle that
the normal directionen makes with the direction normal t
the channel base~see Fig. 1!. Taking Maw’s collisional law
~see Ref.@11#!, the components of the postcollisional veloc
ties can be related to the precollisional velocity compone
as follows: (ut ,du)5u0@cos 2f1lp(11e)sin 2f,esin 2f#,
wherelp denotes the Coulombic friction angle ande is the
normal coefficient of restitution. Using this, we find that t
momentum exchange in the normal direction isDp
5mu0(11e)sin 2f. The projection of the combined actio
of gravity and water drag along the axisen is m8g cos(u
2f)1FD,n , where FD,n52pr fa

2CDuūf2upu(sinfūf
2du)/2 is the normal component of the drag force. We c
define the ratio of the resisting momentum to the collisio
momentum exchange

R5
dt~m8g cos~u2f!1uFD,nu!

mu0~11e!sin 2f
. ~6!

WhenR@1, any takeoff is immediately dampened while, f
R,1, takeoff is a very probable event. In the latter case,
particle ceases to roll and begins a saltating motion. As
emplified in Fig. 2, the ratioR is a decreasing function of th
fluid velocity. Somewhat arbitrarily, the limit between th
saltating and rolling regimes can be considered to occur
R values close to unity. In that case, we define a criti
numberNup and a critical fluid velocityuup corresponding to
the transition between the two regimes and computed
equatingR with 1 in Eq. ~6!.

~2! The lower bound corresponds to the transition from
resting to a rolling regime. Following Wiberg and Smith@12#
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or Ling @13#, if we assume that the particle at rest is subm
ted to a lift forceFL @with FL5CL(Rep)pa2r f uūp2ūf u(ūp

2ūf)/2] and drag forceFD in addition to its submerged
weightW854p(rp2r f)ga3/3, the balance of moments pro
vides the critical condition for incipient motion of spheric
particles: 2A2FD1FL5W8. If we assume that the mean ve
locity acting on the particle isūf , then we deduce that thi
condition can be put into the following dimensionless for

Ncr~u50!5
8

12A2CL16CD

. ~7!

Extensions have been added to take into account the cha
slope and the bed roughness. Chew and Parker@14# deduced
that the critical Shields number at a given slopeu is linked to
Ncr(u)5Ncr(u50)cosu(12tanu/tanf). When comparing
Ncr and Nlow , we find thatNcr.Nlow , in accordance with
common sense and experimental observations. Let us
sider a particle in motion, that is, with a nonzero kine
energy, and try to stop it~basically by dropping the wate
supply!. Then, let us consider the opposite case of a b
initially at rest, trapped in a hole between two bottom cyli
ders, and try to set it in motion~basically by giving it a
sufficient impulse or by increasing the water flow rate!. Due
to the difference in the initial kinetic energy, the critical co
ditions for the motion to cease and the conditions for initi
ing the motion do not coincide.

In short, we have to complete the motion diagram giv
above as follows: whenN* ,Nlow , there is no motion at all;
when Ncr.N* .Nlow , the particle can roll or be at res
depending on the flow conditions and its initial kinetic e
ergy; forNup.N* .Ncr , the pure rolling motion occurs; fo
N* .Nup , the particle is in saltation.

B. A more refined approach

A simple case study shows that the range ofN* for which
a rolling motion occurs~the rangeNlow2Nup according to
the computations above! is narrow. Basically, with values
from experiments~see below!, we have found thatNlow

FIG. 2. Variation of the ratioR defined in Eq.~6! depending on
the mean fluid velocity. Computation made for glass beads withf
530°, e50.85, CD51, and tanu50.05.
3-3
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'0.5 andNup'1. According to this approximate model, di
ferent states can be reached by gently modifying the fl
conditions. By averaging the energy balance equation,
sources of unsteadiness and fluctuations have been
carded. A typical example of this fluctuating environment
given by lift and drag forces, which vary significantly wit
time, because the fluid velocity fluctuates and fluctuat
forces are induced by the interaction between the wake
the turbulent eddies shed asymmetrically into the wake@15#.
Such fluctuations are sufficient to influence the rolling m
tion substantially. Consequently, even if our sole objective
to compute the mean velocity, we have to take into acco
the fluctuations of fluid velocity and forces. Since a compl
treatment including turbulenct effects is far beyond our a
lytical capacity, computing the mean velocity requires co
sidering the motion from a probabilistic viewpoint.

The motion can be described as a random sequenc
resting, rolling, and/or saltating phases. At timet, the particle
is in statei, with i 51, 2, or 3. Since the state at a given tim
depends only on the previous state, (Xt) constitutes a Mar-
kov chain with continuous time and three different stat
here referred to as 1, 2, and 3, which represent the res
rolling, and saltating states, respectively@16#. In the present
case, the~transition! probability Pi j that the particle passe
from statei to statej cannot easily be calculated, but w
know thatPi j tends towards a constant stationary probabil
interpreted as the limiting probabilityp j that the chain is in
statej independently of the initial state@16#. The stationary
probability p j is also the long-run proportion of time durin
which the particle is in statej; this property is useful since i
will allow us to determine the stationary probabilities expe
mentally in a simple way: for a given run, ifTj denotes the
time in which the particle is in statej, then we have on
average,p j5Tj /(T11T21T3).

An important property of Markov chains is that for an
function h taking values on the state phase, we have
relationship @16#: lim

t→`
1/n( i 51

t h(Xi)5( j 51
3 p jh( j ). If

h( i ) represents the mean particle velocity indexed on stai:
h( i )5ūp when the particle is in statei, we haveh(1)50 and
h(2)5K(N* )ūf according to Eq.~4!. For the saltating re-
gime, it can be shown that the particle velocity is a fai
linear function of the mean velocity,

h~3!'A~ ūf2U0!, ~8!

whereA andU0 are two constants. Here we use the expr
sion provided by Van Rijn forA andU0 @17# ~see also Ref.
@18#!. This makes it possible to provide a unified express
of the averaged particle velocity according to the mean fl
velocity,

ūp5p2~N* ,u!K~N* !ūf1p3~N* ,u!A~ ūf2u0!. ~9!

The great advantage of this expression is that no exp
mention has been made of the motion regime. All the inf
mation on the state of the system is contained in the par
etersp2 andp3, which now must be determined.
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According to the previous deterministic analysis, the tra
sition from statei to statej is described by a simple conditio
of the fluid velocity in the formuf.ucrit , where ucrit
5uup for the transition 2→3 ~rolling to saltating! anducrit
5ulow for the transition 1→2 ~resting to rolling!. Using ex-
perimental and theoretical results in the case of homo
neous turbulence@19# together with experimental data ob
tained in an open channel@20#, we can assume as a firs
approximation that the probability density function of th
fluid velocity pu(usuūf ,u) tends to a Gaussian distribution
pu(usuūf ,u)5e2(us2ūf )

2/(2s2)/A2ps2, wheres2 is the fluid
velocity variance. Therefore, from a probabilistic viewpoin
the probability thatuf.ucrit is given by the probability of
exceedance 12Pu(uf uūf ,u)51/22erf„(ucrit2ūf)/(A2s)…/
2. We then introducec1512Pu(ulowuūf ,u), the exceed-
ance probability associated with the transition 1→2 andc2

512Pu(uupuūf ,u), the exceedance probability associat
with the transition 2→3. We obtain the stationary probabil
ties: p1512c1 , p25(12c2)c1, andp25c2c1.

III. EXPERIMENTAL FACILITIES AND PROCEDURES

A. Particles

Two classes of spherical particles were used in the exp
ments: glass beads and steel beads. The particle densirp
was, respectively, 2500 and 7750 kg/m3. Beads were cali-
brated particles whose nominal diameter 2a was 6 mm.

B. Channel

Experiments were carried out in a tilted, narrow, gla
sided channel, 2 m in length and 20 cm in height. The widt
W was adjusted precisely to be 1 mm larger than the part
diameter so that the particle motion was approximately t
dimensional and stayed in the focal plane of the came
Uncertainty on the width adjustment all along the chan
was less than 2%. The channel inclination ranged from 0
20°, but in practice, the range was limited to 0° –12° b
cause for steep slopes, the gravity waves~roll waves! trav-
eled over the free surface of the water stream, which w
therefore overly irregular. The channel slope could be
justed very precisely using a screwjack, with uncertainty l
than 0.1%.

The water supply at the channel entrance was contro
by an electromagnetic flow meter provided by Kroh
~France!. The discharge per unit widthq ranged from 0 to
0.019 m2/s. Uncertainty on the flow rate was less than 0.5
Typically, this resulted in flow depthsh and mean velocities
ūf5q/h on the order of 0.02 m and 0.5 m/s, respectively; t
flow depth was a few particle diameters. Most of the tim
for channel slopes in excess of 1°, the water flow regi
was supercritical, that is, the Froude number Fr5ūf /Agh
~where g denotes the gravity acceleration! exceeded unity.
This also means that the water stream was fully controlled
the upstream condition on the water discharge; notably,
disturbances of the free surface caused by the particle c
not move far upstream and affect the imposed flow rate.
3-4
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The channel base was made up of regularly juxtapo
half cylinders of equal size. We also used random roughn
consisting of half cylinders of various sizes. Three sizes
cylinder were selected with a radiusr of 1.5 mm, 3 mm, or 4
mm. Recall that we introduced the roughness paramete
the ratio of the bead radius to the roughness sizej5a/r . In
the present experimental setup, various disturbing effe
arose. First of all, the relative roughness, i.e., the roughn
size to the depth of flow ratio, was high, implying that t
turbulence was substantially modified by the bottom. Mo
over, the channel was narrow: the aspect ratio, defined a
width-to-depth ratio, was less than 5. This implies that
flow could also be substantially modified by the sidewa
Last, flows were characterized by a low Reynolds numb
indeed, the flow Reynolds number, computed as
54RHūf /n, ranged from 2 000 to 10 000. In the Reynol
number definition, we introduced the hydraulic radiusRH
5Wh/(W12h) and the water kinematic viscosityn5m/r f
~wherer f is the water density andm is the dynamic viscos-
ity!.

In order to verify the existence of a logarithmic veloci
profile in the experimental channel, the velocity profile w
measured in the direction normal to the bottom. To acco
plish this, particle image velocity techniques were used
vertical laser sheet was located at the channel centerline
filmed by a partial scan video camera Pulnix~progressive
scan TM-6705AN!. The flow was seeded with polyamid
particles. We then applied an autocorrelation algorithm
twice-exposed images to obtain the velocity profile with u
certainty less than 5%. For the ranges of slopes and
charges tested here, we found that the velocity profiles
tematically exhibited a logarithmic zone near the chan
bottom. Depending on the discharge and channel slope,
zone extended up toy/h50.3–0.45. This value is to be com
pared to the usual value ofy/h'0.2 @20#. As shown in Fig.
3, the usual logarithmic law for hydraulically rough botto
fitted the data well,

u~y!

u*
5

1

k
lnS y

ks
D1B, ~10!

whereu* is the friction velocity~also called the shear veloc
ity!, k'0.41 is the van Ka`rmàn constant, andks54r /3 is the
equivalent size of the roughness. ParameterB was found to
lie in the range 7.6–8.7 forj51, that is, close to the typica
value of 8.5 given in the literature. Above the logarithm
zone, a blunt transition to a fairly flat profile was observe
as shown in Fig. 3.

In Fig. 3, the friction velocity was deduced experime
tally by measuring the slope of the logarithmic part of t
velocity profile, which should be equal tou* /k. We com-
pared this value to the theoretical valueu* 5ARHg sinu,
which only holds for steady uniform flows in very larg
channels~i.e., whenRH'h). Since in the present case, th
sidewalls were very smooth compared to the bottom, th
influence on the discharge was limited. Thus, although
channel was narrow, the theoretical valueu* 5ARHg sinu
provided a correct estimate of the friction velocity measu
at the channel centerline. The relative deviation between
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two values was less than 20%. The root mean square ve
ties were also measured in the streamwise and cross-st

direction,u85A(u2ū)2 andv85A(v2 v̄)2. We found that
for 0.2<y/h<0.8, the following scalings fitted the data we
u852.3u* e2y/h and v851.23u* e2y/h, in agreement with
empirical relationships given in the literature for ope
channel flows@20#. It can be concluded that, despite the u
usual features of our experimental device, the velocity pro
and the main features of the turbulence are not too far fr
those typically observed in large channels.

In addition to the velocity profile, we determined the di
charge equation, that is, the relationship between the fl
depth and the flow rate. In practice, the flow depth was m
sured using either a rule placed against the sidewall or im
processing and measuring the cross-stream distance bet
the top of the bottom half cylinders and the free surface.
both cases, uncertainty in the flow depth measurement
largely due to gravity and capillary waves along the fr
surface; typically, uncertainty on the flow depth measu
ment was within 0.5 mm. An empirical Darcy-Weisbach fri
tion factor was fitted to the data (q,RH) @21#. We obtained
q5A8/f hAgRHsinu, in which f 50.6 Re20.28, a form that is
quite near to the Blasius equation used in open channel
pipe hydraulics (f 50.223 Re20.25). The relative deviation
between this fitted equation and data was less than 1
except for large roughness (r 53 mm), where the relative
deviation exceeded 40%. From the Darcy-Weisbach eq
tion, the approximate relationship between the mean
friction velocities can also be deduced,u* 5Af /8ūf . The
friction velocity u* is a weakly nonlinear function of the
mean velocity and, at high Reynolds numbers, we haveu*
'0.08ūf .

The motion of the mobile bead was recorded using
Pulnix camera described above. Depending on the sele
picture resolution, the frame rate ranged from 60~resolution

FIG. 3. Velocity profile of the water flow for different slopes an
discharges. Measurements performed with a roughness made
regularly spaced cylinders (r 51.5 mm). The solid line represent
the logarithmic profile fitted to the data:u(y)/u* 5k21ln(y/ks)
1B. The fitted value ofB is tabulated on the figure caption.
3-5



an
in
si
t

te
c

he

-
e
t
b
th

0%
th
he

u
a
a

e
le
e
a

cle

or
lu

rv

-

e

ri-
he
ew

u
s-
s
a

s
it
h
e
o
th
e
ity
th

er
der
we
ll at

o-

the
he

d,
ded
an-

the

-

ANCEY, BIGILLON, FREY, AND DUCRET PHYSICAL REVIEW E67, 011303 ~2003!
of 6403480) to 220 frames per sec.~resolution of 640
3100). Lights were positioned in the backside of the ch
nel. An area of 20 cm in length and approximately 5 cm
height was filmed. Images were subsequently analyzed u
the WIMA software provided by theTraitement du Signal e
Instrumentationlaboratory in Saint Etienne~France!. The re-
sulting uncertainty on the bead position was approxima
0.5 pixels. Typically, 50–200 images were required for ea
run to obtain a sufficiently long series of trajectories. T
instantaneous particle velocity was computed asui(t)
5(xi 112xi)/Dt, whereDt was the time between two con
secutive frames. Uncertainty on the displacement of the b
between two frames was 1 pixel. To compute the instan
neous bead velocity, the minimum displacement used
tween two frames was 10 pixels. Thus the uncertainty on
instantaneous bead velocity had a maximum value of 1
Mean particle velocities were obtained by measuring
time needed for the particle to cover the field filmed by t
camera.

Complementary tests were performed to evaluate the fl
action on the particle. The first series of experiments w
designed to estimate the value of the drag coefficient. It w
expected that the usual values given in the literature~e.g.,
Ref. @22#! had to be modified to take into account the sid
wall influence. The experiment involved dropping a partic
in the horizontal channel filled with quiet water. The wat
depth was 10 cm. The vertical motion of the particle w
filmed with the Pulnix camera. As soon as the parti
reached a steady state, we measured the fall velocityw and
we deduced the drag coefficient as follows:CD58(Dr
21)ag/(3w2). Experiments were performed with glass
steel beads of various diameters. These experimental va
were found to be slightly larger than the experimental cu
provided by Morsi and Alexander@22#. For instance, for a
glass bead of 3 mm in diameter~corresponding particle Rey
nolds number Rep5870), we foundCD'0.68 while Morsi
and Alexander’s relationship gaveCD'0.52; for a 3-mm
steel bead~corresponding particle Reynolds number Rp
52200), we foundCD'0.48 while Morsi and Alexander’s
relationship gaveCD'0.42. In the second series of expe
ments, the velocity profile of the water flow disturbed by t
particle motion was measured. To our knowledge, very f
experiments have been performed on this topic~see Morsi
and Alexander@23# in their analysis of the velocity profile
modification caused by a cylinder moving near a free s
face!. Figure 4 provides a typical velocity profile of the di
turbed flow compared to the free flow and Fig. 5 show
typical photograph of the velocity streams around the p
ticle. The flow pattern surrounding the particle depend
great deal on the relative velocity of the particle and on
position relative to the free surface. For a particle in t
middle position~Figs. 4 and 5!, we observed that the particl
induced a decrease in the local fluid velocity of the order
20% in the wake zone while below and above the wake,
fluid velocity was increased by approximately 10%. A d
tailed analysis of the modification in the turbulent veloc
field and turbulenct structures is outside the scope of
paper.
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C. Experimental procedure

A single particle was dropped from top into the wat
stream 1-m upstream from the measuring window. In or
to avoid imparting a momentum to the dropped particle,
gently introduced it into the channel and a honeycomb ce
the channel entrance dampened its initial velocity. The m
tion of the particle was filmed with the Pulnix camera.

For each flow condition (ūf ,u), variability of results was
evaluated by repeating the run three to five times. In
following, only average values will be reported. Usually, t
standard deviation was low relative to the mean~typically
less than 5%! when the particle rolled, but when it is saltate
relative variations exceeding 15% were sometimes recor
between two similar runs. Though these mean velocities c

FIG. 4. Velocity profile of the water stream in the absence of
mobile bead or in its presence. Flow rate~per unit width! q58.6
31023 m2/s, channel slope tanu50.1 (u55.7°), roughness ratio
j51 ~glass!, bead radiusa53 mm, channel width in 7 mm. The
fluid velocity field around the particle is shown in Fig. 5.

FIG. 5. Fluid velocity field around the particle for the flow con
ditions used in Fig. 5. The exposure time is 1/500 s.
3-6
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ROLLING MOTION OF A BEAD IN A RAPID WATER STREAM PHYSICAL REVIEW E67, 011303 ~2003!
not be rigorously assimilated to asymptotic velocitiesūp
~i.e., time-averaged values in the sense given in Sec. II!,
they provide a reasonable approximation ofūp .

We paid specific attention to two particular points. T
first point concerns the precise definition of the rolling m
tion. Hereafter, the rolling motion refers to the motion of t
bead in sustained contact with the bed; when colliding wit
bed particle, the moving bead can undergo a microl
whose typical length is less than the bead radiusa. Figure
6~a! shows a typical trajectory of the particle in a rollin
regime: clearly the mass center of the particle follows
smooth periodic trajectory except when a collision occurs
that case, a small leap can be seen. The second point
cerns the deviations of the particle velocity from the me
velocity. As shown in Figs. 6~b!,~c! for the two components
of the particle velocity, the departures from the mean beh
ior were small, indicating that the particle reached a qua
steady state. This means that a small number of runs~for
given flow conditions! is usually sufficient to properly evalu
ate the average features of the motion of the rolling parti

IV. EXPERIMENTS AND COMPARISON WITH THEORY

In the following, we will focus on two points: the mea
particle velocity depending on the fluid velocity and t
probability of finding the particle in a given state. Figure

FIG. 6. ~a! Typical rolling trajectory.~b! Downstream compo-
nent of the bead velocity as a function of the angleg that the
particle mass center makes with respect to the normal to the bot
g50 corresponds to the top of the cylinder andg.0 corresponds
to the ascending~upstream! part of the cylinder.~c! Normal compo-
nent of the bead velocity as a function ofg. Experiment performed
with q53.631023 m2/s, tanu50.05, h58.2 mm, a53 mm, r
53 mm (j51), and with a steel bead.
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shows the experimental relationship between the mean
ticle and fluid velocities for 6-mm glass beads~roughness of
equal size,j51 andx51) and Fig. 8 gives the results fo
6-mm steel beads~roughness of equal size,j51 and x
51). The data used in both figures were obtained with
channel inclined at tanu50.05. Crosses represent data p
taining to a pure rolling regime while squares represent d
where the particle motion was intermittent, combining ro
ing and saltating phases. Flow conditions for which the p
ticle motion included a series of stopping and rolling pha
were almost never observed~a few runs for steel beads an
none for glass beads!.

In the same figure~Fig. 7!, the theoretical relationship
providing the mean particle velocity as a function of the flu
velocity for glass beads are reported, computed using
~4!. It can be seen that the general trend provided by
approximate theoretical model is in agreement with exp
mental values. The range of fluid velocity for which a rollin
regime occurs has also been reported. Numerically, tak
E57000 Pa,CD51, e50.85, we found for glass beads of
mm in diameter: ulow50.08 m/s (Nlow50.08), ucr
50.27 m/s (Ncr50.85), and uup50.35 m/s (Nup51.4).
The experimental critical fluid velocity corresponding to t
beginning of motion was approximately 0.14 m/s~thus fall-
ing within the intervalulow2ucr) while the critical velocity
uup was close to 0.24 m/s. As shown in Fig. 7, the appro
mate theoretical model yields the correct magnitude for
mean particle velocity and the bounds of the rolling regim

m.

FIG. 7. Variation in the mean particle velocity as a function
the fluid velocity for the fully rolling regime~filled boxes! and the
mixed regime~rolling1saltating: crosses!. The bead was in glass
The experimental data obtained are tanu55%, a53 mm, r
53 mm. The continuous curve represents Eq.~4! while the dashed
curve is given byup51.17(uf20.085), an equation proposed b
van Rijn to model saltating particles.
3-7
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In Fig. 9, we have reported the phase-averaged particle
locity, computed using Eq.~9! and takings50.15ūf for the
standard deviation. The agreement seems better to the
since the resulting curve smoothes out the brutal variation
particle velocity during phase changes. Due to the arbitr
choice made for the transitional velocityuup , computed by
settingR51 in Eq.~6!, and the standard deviations, which
may substantially affect the stationary probabilityp2, two
other curves are reported in Fig. 9 in order to give an idea
the sensitivity of the model to the adjustment of its para
eters. The first curve was obtained by takingR50.5 ands

50.1ūf in the stationary probabilityp2; for the second curve
we took R52 ands50.2ūf . As shown in Fig. 9, a bette
agreement was obtained with the second curve.

The same trend was observed with steel beads~see Fig.
8!. For 6-mm steel beads, takingE523104 Pa, CD51, e
50.85, we obtainedulow50.18 m/s (Nlow50.08), ucr
50.57 m/s (Ncr50.85), anduup50.68 m/s (Nup51.19).
The experimental critical fluid velocity corresponding to t
beginning of motion was approximately 0.31 m/s~still fall-
ing within the intervalulow2ucr), while the critical velocity
uup was close to 0.660.1 m/s.

In order to further test the refined model, the probabil
Prolling of finding the particle in a rolling regime dependin
on the dimensionless numberN* is reported in Fig. 10 for
glass beads~see Fig. 11 for steel beads!. For a given run, this
probability was evaluated by dividing the time during whi
the particle rolled by the total time. The model predicts th

FIG. 8. Variation in the mean particle velocity as a function
the fluid velocity for the fully rolling regime~filled boxes! and the
mixed (rolling1saltating) regime~crosses!. The bead was in stee
The experimental data obtained are tanu55%, a53 mm, r
53 mm. The continuous curve represents the theoretical velo

given by Eq.~9! ~calculated with a standard deviations50.15ūf

andR51) while the dashed curves represent the same quantity

computed with (s50.1ūf , R51/2) and (s50.2ūf , R52).
01130
e-

ye
in
ry

f
-

t

the probability is given byProlling5p2(N* ,u). As previ-
ously, we added two dashed curves corresponding to the
put parameters (R50.5, s50.1ūf) and (R52, s50.2ūf).
The curves (R52, s50.2ūf) and (R51, s50.15ūf) give
better results but with minor differences. The choiceR
52, s50.2ūf) leads to a correct transition from the rollin
to the saltating regime but underestimates the range ofN*
for which a fully rolling regime occurred. In contrast, th

ty

ut

FIG. 9. Variation in the mean particle velocity as a function
the fluid velocity for the glass bead~same experimental data as Fi
7!. The continuous curve represents the theoretical velocity gi

by Eq. ~9! ~calculated with a standard deviations50.15ūf and R
51) while the dashed curves represent the same quantity but c

puted with (s50.1ūf , R51/2) and (s50.2ūf , R52).The two
arrows indicate the values found foruup andulow .

FIG. 10. The probability of finding the particle in a rolling re
gime ~same experimental conditions as in Fig. 7! for a glass bead.
The theoretical curve (Prolling5p2) is also reported with three val
ues of its parameters. The continuous curve corresponds tos

50.15ūf , R51), while the dashed curves pertain to (s50.1ūf ,

R51/2) and (s50.2ūf , R52).
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ROLLING MOTION OF A BEAD IN A RAPID WATER STREAM PHYSICAL REVIEW E67, 011303 ~2003!
choice (R51, s50.15ūf) correctly predicted this range bu
slightly overestimated the probabilityProlling in the transi-
tion from the rolling to the saltating regimes. The choi
(R50.5, s50.1ūf) provided results in poor agreement wi
the experimental data. It can be concluded that withR chosen
in the range 1–2, the model provides correct results as
gards the particle velocity and the probability of finding t
particle in a rolling regime. The same conclusion can
drawn for steel beads~see Fig. 11!.

With the same objective in mind, we computed the pro
ability of finding the particle in a saltating regimePsaltating
5p3(N* ,u). The experimental data and theoretical curv
are reported in Figs. 12 and 13 for glass and steel be
respectively. As previously, for both materials we found th
providedR is chosen in the range 1–2, the theoretical mo
provides a correct estimate ofPsaltating.

The predictions of the theoretical models were then tes
when the channel slope or the roughness was changed. L

FIG. 11. The probability of finding the particle in a rolling re
gime ~same experimental conditions as in Fig. 8! for a steel bead.
The theoretical curve (Prolling5p2) is also reported with three val
ues of its parameters. The continuous curve corresponds tos

50.15ūf , R51), while the dashed curves pertain to (s50.1ūf ,

R51/2) and (s50.2ūf , R52).

FIG. 12. The probability of finding the particle in a saltatin
regime for a glass bead. Same caption as in Fig. 9 except tha
theoretical curves represent thePsaltating5p3.
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tations in the experimental facility made it impossible to e
plore a wide range of channel slopes when investigating
rolling motion. Indeed, when the channel slope was gen
~less than 1%!, we could not supply a sufficiently high flow
rate to set the particle in motion. Conversely, for high cha
nel slopes, the water flow depth was rapidly too low for t
particle to be immersed. Thus, in practice, at the very b
~for steel beads! it was possible to explore narrow ranges
channel slopes~typically between 1 and 4! and flow rates,
which made it difficult to make a detailed comparison b
tween the experimental data and the theoretical results. T
only partial results are given in the following: notably, th
model could not be tested as regards the dependence o
particle velocity on the channel slope. Figures 14 and
report the mean particle velocity depending on the me
fluid velocity and the probabilityProlling depending on the
dimensionless numberN* for different roughness ratiosj.
As shown in Fig. 14, the theoretical model provides corr
estimates of the mean particle velocities even though the
scattering and the lack of data~notably for j53/4) do not
allow us to test the model more thoroughly. In contrast,
though the model provides the correct trend for the effec
the roughness ratio on the probability of finding the parti
in a rolling regime, it substantially overestimates the ran
over which the fully rolling regime occurs.

V. CONCLUDING REMARKS

We have presented two theoretical models to compute
mean velocity of a particle rolling down a bumpy bottom
a result of gravity and water drag. In the first model, t
kinetic energy balance equation was used to determine
mean particle velocity as a function of the fluid veloci
together with the bounds of the fluid velocity within which
rolling regime occurs. We found that this range was narro
leading to the conclusion that the rolling regime is a margi
transport process between the resting and saltation pha
This also means that, for more irregular rough beds, the p
posed model is not robust because the rolling regime oc
intermittently and not in a continuous way, as studied here

(

he

FIG. 13. The probability of finding the particle in a saltatin
regime for a steel bead. Same caption as in Fig. 9 except tha
theoretical curves represent thePsaltating5p3.
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second model was then developed. The particle state~resting,
rolling, saltating! was considered as a random variab
whose evolution constitutes a jump Markov chain. In th
way, using asymptotic properties of a Markov chain, we c
infer the mean particle velocity without the explicit mentio
of its state. The model also provides the probability of fin
ing the particle in a given state or passing from one stat
another. Simple arguments without tuning parameters w
used.

Careful experiments were performed to test the robustn
of the models. The simple model is sufficient to provide t
fairly good estimates of the particle velocity and the boun
of the rolling regime. The predictions of the stochas
model, as regards the probabilities of finding the particle i
given state and the particle velocity, are in good agreem
with experimental data for a fairly wide range of flow co
ditions. In an approach to describing sediment transport
microstructural framework, the second model appears to
good candidate for generalization.

These experiments bring to mind the pioneering work
Hans A. Einstein, nephew of Albert, who proposed the fi
elements of a probabilistic theory of sediment transport

FIG. 14. Variation in the mean particle velocity as a function
the fluid velocity for the steel bead and three different roughn
ratios and slopes. Crosses and continuous curve,j52, tanu
50.02; filled boxes and dashed curve,j51, tanu50.05; open
boxes and long dashed curve,j53/4, tanu50.075. The curves
represent the theoretical velocity given by Eq.~9! ~calculated with a

standard deviations50.15ūf andR51).
le
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the 1950s~see Ref.@24# for an outline of his work!. Eclipsed
for several decades by the mean-field theory proposed
Bagnold@25#, the ideas expressed by Einstein are today
visited with interest and there is a growing number of pap
focusing on stochastic aspects of bed load transport. Punc
progress has been made in the examination of motion thr
old @26# or the bed elevation variation@27# or, more gener-
ally, in the formulation of equations for two-phase turbule
flows @28#, but a complete theoretical framework for mode
ing sediment transport~transport, erosion, and deposition! is
still lacking. The next step in that direction is to experime
tally examine the collective motion of beads in the sa
experimental device.
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FIG. 15. The probability of finding the particle in a rolling re
gime ~same experimental conditions as in Fig. 14! for a steel bead
and for three different roughness ratios and slopes. Crosses
continuous curve,j52, tanu50.02; filled boxes and dashed curv
j51, tanu50.05; open boxes and long dashed curve,j53/4,
tanu50.075.
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